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We consider a family of Hopf algebras, each constructed as
a bismash product from a factorisation of the symmetric group SN .
These are semisimple as algebras over C and we show that they
do not have the structure (as an algebra) of any group algebra if
N  5. Previously, the author has established this in the special
cases where N has the form p + 1 or p + 2 for p prime; here
the general result is obtained by very different methods.
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1. Introduction
Susan Montgomery, Andrea Jedwab and others have studied a family of ﬁnite dimensional complex
semisimple Hopf algebras which were constructed as so-called bismash products from factorisations
of symmetric groups. (See [8,11].) Montgomery and Jacques Alev then asked whether these algebras
have the same algebra structure as some group algebra. Previously we were able to show that an in-
ﬁnite subfamily of these algebras were not.
The exact construction of those algebras is described in [5], and we will not repeat that here. If HN
is the Hopf algebra so constructed from the symmetric group SN of degree N , then dim HN = N!, and
the degrees of its irreducible representations were described in Lemma 3.4 of [8]. Thus our approach
will be to assume that these are the degrees with multiplicities of the distinct irreducible characters
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p+2 for some prime p, then HN is not isomorphic as an algebra to any group algebra. Our arguments
required a detailed application of Brauer’s theorems on the blocks of characters of ﬁnite groups whose
order is divisible by a prime to the ﬁrst power; those methods could probably be extended to handle
the case N = p + 3, but the argument would be far harder, and not amenable to generalisation, even
noting that N! is divisible by some prime greater than 12N , and therefore by that prime to the ﬁrst
power.
Here we will prove the general result, removing the restriction on N , other than that N  5. Recall
from [5] that H4 ∼=CS4.
Theorem A. Suppose that N  5. Then there is no group G for which HN ∼=CG.
We remark that an analogous result for bismash products arising from the groups PGL(2,q) for
q  4 has been obtained by Clarke [4], where he also obtains “positive” results for bismash products
arising from Frobenius groups.
As in [5], our proof will depend on the classiﬁcation of ﬁnite simple groups, but here in a far
more direct way. There we needed only a good lower bound for the minimal degree of a projective
representation for each ﬁnite simple group to provide the needed application; here we will need
very detailed information about their “small” degree representations to eliminate the conﬁguration to
which we will reduce the problem.
We therefore assume throughout that there is a group G for which HN ∼= CG . It is easy to show
that G has a perfect subgroup H of index 2. In Section 2, we will show that H must have a quasi-
simple quotient H¯ that realises all the representations of H of two smallest nontrivial degrees. This
reduction leans heavily on the author’s previous work on the structure of primitive linear groups [6].
At the same time, we will ﬁnd a lower bound for the next smallest possible degree for an irreducible
representation of H . This will be quadratic as an expression in terms of the smallest nontrivial degree.
This will suﬃce to eliminate all possibilities for the quotient H¯ .
To carry this out, we will make heavy use of the unipotent characters for a simply connected group
of Lie type. Crucially, these are always characters of the simple quotient of adjoint type [3, p. 380].
This guarantees their presence as characters for any perfect central extension and we use this obser-
vation without further comment; they will act as “anchors” for our calculations. Although we refer
directly to [12] and [13] subsequently, more detailed information about the unipotent characters can
be found in [3], and the notation for unipotent characters is taken directly from there. We also make
extensive use of the ATLAS [7] for the character tables both of small groups of Lie type and the
sporadic simple groups.
In Section 3 we systematically eliminate the possibility that H¯/Z(H¯) is a simple classical group,
using the results of Tiep and Zalesskii [14]. Some small groups must be eliminated by hand, and spe-
cial arguments come into play for the symplectic groups. In general however, although the character
of smallest nontrivial degree need not be unipotent, the distribution of the degrees of the unipotent
characters will ensure that no central extension can have a set of character degrees that matches
those demanded by our results in Section 2.
We handle the remaining quasisimple groups in Section 4. In view of Lübeck’s results [12], groups
of exceptional type are handled far more quickly though it should be noted that his computations use
the full power of the Deligne–Lusztig theory. The sporadic groups can be eliminated by inspection of
the ATLAS, leaving the alternating groups, for which an easy contradiction results.
We recall some standard terminology and notation (e.g., see [1]). A nonabelian ﬁnite group X is
quasisimple if X is perfect and X/Z(X) is simple. The subgroup E(X) is deﬁned as the product of
all subnormal quasisimple subgroups of X , each of which is called a component of X ; E(X) is in
fact a central product of the components. The generalised Fitting subgroup F ∗(X) = F (X)E(X) where
F (X) is the Fitting subgroup (the largest nilpotent normal subgroup of X ); a crucial property is that
CX (F ∗(X)) ⊆ F ∗(X). These concepts will be relevant only when we apply our structure theorems for
primitive groups from [6] in Section 2.
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For the remainder of this paper, we will assume that G is a group for which HN ∼=CG for some N .
The character degrees of G and their multiplicities are known from the algebra structure of HN and
are as stated in Proposition 2 of [5]. Thus we shall work with the following hypothesis throughout.
Hypothesis I. G is a group of order N!. The degrees of its irreducible characters are given by
(i) (N − 1) times the degrees of the ordinary irreducible characters of SN−2, and
(ii) the degrees of the irreducible characters of SN−1,
including multiplicities.
It is convenient, to avoid small exceptional calculations, to assume the result of [5] so that, in
particular, we may assume that N  10; indeed, by ﬁrst eliminating the cases N = 10 or 11 by hand,
for the same reason we will be able to assume that N  16.
Lemma 1. [G : G ′] = 2 and G ′ is perfect.
Proof. G has exactly two linear characters, and this gives the ﬁrst claim. If G ′ is not perfect, then
G/G ′′ necessarily has a dihedral quotient so that G has an irreducible character of degree 2, which is
not the case. 
Put H = G ′ and let sgn denote the nontrivial linear character of G . The following lemma is essen-
tially a special case of Clifford’s theorem:
Lemma 2. Every irreducible character of H is a constituent of the restriction of an irreducible character of G.
If χ is an irreducible character of G, then either
(i) the restriction χH is irreducible, (χH )G = χ + χ ′ where χ ′ = (sgn)χ , and χ and χ ′ are distinct exten-
sions of χH , or
(ii) χH = ϕ + ϕ′ where ϕ and ϕ′ are two distinct irreducible characters of H of the same degree, and ϕG =
ϕ′G = χ .
In case (ii), χ has even degree. Furthermore, if G has exactly two irreducible characters χ and χ ′ of a given
even degree, then both satisfy the same condition (i) or (ii). In case (i), χH = χ ′H ; in case (ii), χH and χ ′H do
not have a constituent in common.
Proof. Let ϕ be an irreducible character of H . Then, by Frobenius reciprocity, (ϕ, (ϕG)H ) =
(ϕG ,ϕG)  1 so that ϕ is an irreducible constituent of χH for some irreducible character χ of G .
Now, given such a character χ of G , we have (χ,ϕG) = (χH ,ϕ) 1.
If ϕ = χH , then ϕ is G-stable, and (ϕ, (ϕG)H ) = (ϕG ,ϕG) = 2 since ϕG(h) = 2ϕ(h) for all h ∈ H .
Hence ϕG = χ + χ ′ with χ ′ = χ and χ ′H = ϕ . Now χ ′ = (sgn)χ since χ(g) + χ ′(g) = 0 for g /∈ H .
Thus (i) holds if ϕ = χH .
If χH is reducible, let ψ be a constituent of χH of minimal degree. Then ψG(1) = 2ψ(1)  χ(1)
and, since (χ,ψG) = (χH ,ψ) 1, we have equalities and hence (ii) with either ψ = ϕ or ψ = ϕ′ .
Let χ be an irreducible character of G of even degree. If χH is irreducible, then (i) yields χ ′ =
(sgn)χ = χ and χH = χ ′H . Thus, if χ and χ ′ are the only irreducible characters of the same even
degree, either χH and χ ′H are both irreducible, and equal, or neither is. In case (ii), if χH and χ ′H
have a constituent ϕ in common, then χ = ϕG = χ ′ , contrary to assumption. 
Remark. The ﬁnal argument applies more generally to characters degrees of greater multiplicity, but
we will have no need for that.
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Proof. In either case, H would have a simple quotient of order dividing 12 (11!). All such groups
are known (and were before the full classiﬁcation of ﬁnite simple groups); a check of the ATLAS
shows that each has an irreducible character of degree inconsistent with the data of Hypothesis I and
Lemma 2, except for AN−1. But now H has a normal subgroup of order N that is necessarily central,
which is impossible since H is perfect. 
Since the cases 12  N  15 are covered by [5], we may now assume throughout,
Hypothesis II. Hypothesis I holds with N  16.
Proposition 4. The smallest degrees of characters of G are
1,N − 2,N − 1, (N − 1)(N − 3), 1
2
(N − 1)(N − 4), 1
2
(N − 2)(N − 3),
each occurring with multiplicity 2, and every other character of G has degree at least 16 (N −1)(N −2)(N −6).
Proof. This follows from the description above, together with a direct calculation from Young
tableaux. We have 16 (N − 1)(N − 2)(N − 6) > (N − 1)(N − 3) since N  16. (In fact, N  10 would
suﬃce here.) 
Our goal in this section is to establish the following structure theorem for H and its smallest
degree representations.
Proposition 5. G has a perfect subgroup H of index 2. The smallest degrees of the nontrivial irreducible char-
acters of H, their multiplicities, and their extensions to G are given by either
(I) one character of degree N − 2 and one of degree N − 1, each extending to two characters of G of the same
degree, or
(II) four characters of degree 12 (N − 1) and one of degree N − 2, in which case N is odd, the character of
degree N − 2 extends to two distinct characters of G while the characters of degree 12 (N − 1) form two
pairs, each pair being the constituents of the restriction to H of an irreducible character of G.
In either case, all of these characters of H arise as primitive characters of a single quasisimple quotient group
of H.
The next possible character degrees of H lie amongst the values
1

(N − 1)(N − 3), 1
2
(N − 1)(N − 4), 1
2
(N − 2)(N − 3)
where  = 1 or 2, and every other nontrivial character has degree at least 112 (N − 1)(N − 2)(N − 6), except
possibly if N = 16 or 17.
Remark. The “exceptional” cases N = 16 or 17 reﬂect only that
1
12
(N − 1)(N − 2)(N − 6) < (N − 1)(N − 3)
when N  17. This issue arises in the proof of Lemma 9 but is easily eliminated. Elsewhere we need
only the inequality 12 (N − 1)(N − 4) < 112 (N − 1)(N − 2)(N − 6).
We establish Proposition 5 in a series of lemmas.
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into one of three cases:
Case I one of degree N − 2 and one of degree N − 1, each extending to two distinct characters of G (of the
same degree);
Case II N is odd, four characters of degree 12 (N − 1), one of degree N − 2;
Case III N is even, four characters of degree 12 (N − 2), one of degree N − 1.
In each case, all other characters are of degrees that are at least quadratic in N, given either by character
degrees for G or half of such values.
Proof. Irreducible characters of G restrict either to irreducible characters or the sum of two distinct
irreducible characters of the same degree, the latter possible only in even degree. The result follows
from Lemma 2 and Proposition 4. 
Lemma 7. Only Cases I or II of Lemma 6may occur.
Proof. Suppose that Case III could occur. Let ψ be one of the characters of degree 12 (N − 2). We
decompose the character ψψ¯ . Now ψψ¯ has degree 14 (N − 2)2. By Lemma 2 and Proposition 4, the
only possible smaller irreducible character degrees that are at least quadratic in N are
1
4
(N − 2)(N − 3) and 1
4
(N − 1)(N − 4);
if either of these appeared as constituents of ψψ¯ , then it could do so only with multiplicity one, and
leave outstanding degrees of 14 (N −2) or 14 (N −4) to be accounted for, respectively. Since (1H ,ψψ¯) =
(ψ,ψ) = 1 and H has no nontrivial character of degree less than 12 (N − 2), this is impossible since
N  10. Similarly, there can be no constituent having greater degree.
In any case, (1H ,ψψ¯) = 1. So we must seek nonnegative integers λ and μ such that
1
4
(N − 2)2 = 1+ λ
(
N − 2
2
)
+ μ(N − 1) = 1+ λ
(
N − 2
2
)
+ μ(N − 2) + μ.
This forces 12 (N − 2) to divide (μ + 1) so that μ  12 (N − 2) − 1 = 12 (N − 4). But now μ(N − 1) 
1
2 (N − 4)(N − 1) > 14 (N − 2)2, so Case III cannot occur. 
Remark. Case II cannot be eliminated in this way. If we take ψ be one of the characters of degree
1
2 (N − 1), we can eliminate constituents of degree quadratic in N in a similar fashion, but the corre-
sponding degree equation
1
4
(N − 1)2 = 1+ λ
(
N − 1
2
)
+ μ(N − 2)
has a (unique) solution λ = 12 (N − 5), μ = 1.
Lemma 8. Let ρ be a representation of H that affords one of the characters described in Cases I or II. Then ρ is
primitive, except possibly in Case I in which case:
(i) ρ is the representation of degree N − 1,
(ii) H has a doubly transitive permutation representation π of degree N − 1, and
(iii) kerρ ⊆ kerπ .
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(1H0 )
H has degree dividing that of ρ with 1H as a constituent with multiplicity one. Any other con-
stituent has degree less than that of ρ , and this is possible only if Case I holds, π = (1H0 )G = 1H + σ
where σ has degree N − 2 and ρ is the representation of degree N − 1. Now (ii) holds, and
kerρ ⊆ kerπ . 
Remark. The argument employed in the proof actually establishes a more general property. Namely,
if X is any ﬁnite group and χ is a nonlinear irreducible character of X of minimal degree, then χ
is the character of a primitive representation. For, if χ were imprimitive, it would be induced from
a subgroup Y that does not contain the derived group X ′ . But then the permutation character (1Y )X
would have to contain a nonlinear constituent, yielding a contradiction as in the lemma.
In the exceptional case of Lemma 8, the representation σ of degree N − 2 must be primitive and
kerπ = kerσ . We will use this additional information to eliminate this possibility, but ﬁrst investigate
the consequences of the small degree representations being primitive more generally. Here, we refer
to Section 2 (and in particular Theorem 5) of [6] for the general structure of primitive linear groups.
We will use the classiﬁcation of ﬁnite simple groups crucially here in assuming Schreier’s Conjecture,
that the outer automorphism group of a ﬁnite simple group is soluble.
Lemma 9. Let ρ be a primitive representation of H that affords one of the characters described in Cases I or II.
Let H¯ = H/kerρ . Then H¯ is quasisimple.
Proof. First note that |Z(H¯)| 2 except possibly if ρ is a representation of degree 12 (N−1) in Case II,
in which case, by considering the algebraic conjugates of ρ , we conclude that |Z(H¯)| must divide 8,
10 or 12 since H¯ has at most four characters of that degree (and otherwise no other).
Suppose that E(H¯) = E1 ◦ · · · ◦ Er = 1 where E1, . . . , Er are the components of H¯ . If r  2, then ρ
has degree at least 2r . If any component were not normal in H¯ , then H¯ would have a nontrivial per-
mutation representation on its components induced by conjugation and hence a nontrivial irreducible
representation of degree at most r − 1. But then r − 1  12 (N − 1) so this is impossible. Thus every
component of H¯ is normal in H¯ .
We next apply the structure theorems of [5] together with the fact that H¯ is perfect. Putting H¯0 =
(CH¯ (E(H¯)))
′ and applying the Schreier Conjecture, we get that H¯ = H¯0 ◦ E(H¯) where either H¯0 = 1
or else H¯0 is a perfect group with F ∗(H¯0) contained in the direct product of the quasicomponents
of H¯ . (Here, as in [5], we call O p(H¯) a quasicomponent of H¯ if O p(H¯) is nonabelian, in which case
O p(H¯) = Z(O p(H¯))E where E is an extraspecial p-group and Z(O p(H¯)) is cyclic.)
Suppose now in addition that either H¯0 = 1 or that r  2. Then there is a proper decomposition
H¯ = X ◦ Y as a central product of perfect groups, and we may decompose ρ = σ ⊗ τ for suitable
nontrivial irreducible representations σ , τ of X , Y of degrees s, t respectively with s t . Now σ ⊗σ ∗
affords a representation of X/Z(X) and hence of H¯ with (1H¯ , σ ⊗ σ ∗) = 1 so that σ ⊗ σ ∗ has a
nontrivial constituent of degree at most s2 − 1. This forces as the only possibilities
Case (i) st = N − 1, s2 − 1 = N − 2,
Case (ii) st = N − 2, s2 − 1 12 (N − 1).
In Case (i), a constituent of σ ⊗ σ ∗ must therefore be the representation of degree N − 2 and s = t;
then τ ⊗τ ∗ affords another such representation as a constituent, a contradiction. In Case (ii), we must
have s2 −1 = 12 (N −1), whence s = 3, t = 5 and N = 17. But then, by [6] (or indeed the original work
of Jordan [9]),
X/Z(X) ∼= A5, L3(2) or A6
in which case H would have a character of degree 3 in the ﬁrst two cases or 5 in the last, each a
contradiction.
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quasicomponents of H¯ .1 If p is an odd prime divisor of |E1(H¯)| and O p(H¯) is a product of Z(O p(H¯))
with an extraspecial group of order p2m+1, then ρ has degree at least pm . On the other hand, H¯ has
a perfect quotient isomorphic to a subgroup of Sp2m(p), which has a Weil representation of degree
1
2 (p
m − 1). Thus H¯ has a nontrivial irreducible representation of at most this degree; together with ρ
being of degree at least pm , this is inconsistent with the data for either Cases I or II.
It remains to consider the case where E1(H¯) is a 2-group. Assume initially that ρ has degree N−1
or N −2. Then ρ is the only representation of H¯ having its degree and so is self-dual, |Z(H¯)| = 2, and
O 2(H¯) is extraspecial. Let P = O 2(H¯). Furthermore, ρ|P is faithful and thus of even degree so that we
are in Case I only, (1H¯ ,ρ ⊗ ρ) = (ρ,ρ) = 1, and (ρ ⊗ ρ)|P is a multiple of the regular representation
of P/Z(P ); in particular, ρ is not a constituent of (ρ ⊗ ρ)|P . Also, since ρ is then G-stable, each
constituent of ρ ⊗ρ occurs together with its G-conjugate – this immediately rules out the possibility
of a constituent of degree 112 (N − 1)(N − 2)(N − 6) if N = 16 since there would have to be two such
constituents. Thus we need to seek solutions to a degree equation of the form
(degρ)2 = 1+ λ(degρ ± 1) + μ(N − 1)(N − 3) + γ
2
(N − 1)(N − 4) + δ
2
(N − 2)(N − 3)
where the sign is positive if ρ has degree N − 2 and negative if N − 1, and λ, μ, γ , δ represent the
multiplicities. However, since ρ has degree of the form k · 2m where |P | = 22m+1, by considering the
restriction (ρ ⊗ρ)|P we see that all the multiplicities are less than 14N . With this observation, we can
check that the only possible solutions to the degree equation for ρ ⊗ ρ are
(N − 1)2 = 1+ 3(N − 2) + 2
(
1
2
(N − 2)(N − 3)
)
,
(N − 2)2 = 1+ (N − 1)(N − 3)
or
(N − 2)2 = 1+ (N − 1) + 2
(
1
2
(N − 1)(N − 4)
)
.
But now, letting σ be the representation of degree (degρ ±1) and noticing (a) that σ is G-stable and
(b) that ρ ⊗σ contains ρ with multiplicity λ and cannot contain any constituent of ρ ⊗ρ since ρ ⊗σ
must be faithful, the three corresponding degree equations for ρ ⊗ σ all give rise to contradictions
(or, speciﬁcally, the conclusion N = 6).
It remains only to consider the possibility that ρ has degree 12 (N − 1) and that we are in Case II.
Now ρ is no longer G-stable and we must consider the degree equation for ρ ⊗ ρ∗; also the con-
stituents need no longer come in G-conjugate pairs so that the denominators in the degree equations
may be a half of those previously considered. However, it is easy to verify that there are no solutions
with N  10. 
Proof of Proposition 5. First we note that the claims about degrees of characters follow from Lem-
mas 2, 6 and 7, and Proposition 4. We will then ﬁrst establish primitivity by eliminating the excep-
tional situation in Lemma 8; Lemma 9 will then show that they occur as characters of quasisimple
quotients.
Assume ﬁrst that one of our small degree representations of H is imprimitive. Recall that we are
then in Case I and H has a doubly transitive permutation representation π of degree N − 1. Put
1 In [6], E1(H¯) is deﬁned to be the product of quasicomponents and components. Here, we have already eliminated the
components.
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so that H¯ is necessarily simple since it is perfect and cannot have a regular normal subgroup.
All simple 2-transitive groups are known (see [2, Theorem 5.3]). First we observe that, if H¯ ∼= L2(q),
then N = q + 2 and H¯ has representations of degree q±ε2 for some ε = ±1 if q is odd, or q − 1 if q
is even, both contrary to having minimal degree q. We may eliminate L3(2), L3(3), L3(4), L4(2) and
L4(3) by direct consideration of character tables and, as will be shown2 in Section 3.1, thereafter
every linear group will have a unipotent character of degree greater than N − 1 but smaller than the
next possible degree that we have just established above. Next, if H¯ is a 3-dimensional unitary group,
a Suzuki group or a Ree group, σ would be the Steinberg representation, which is not of minimal
degree. In the case of the symplectic groups Sp(2d,2), there are two doubly transitive representations,
of degrees 22d−1 ± 2d−1 respectively, and this would force N = 22d−1 − 2d−1 + 1 with d 3 and H¯ to
have a character of degree 22d−1 + 2d−1 − 1. By Lemma 2 and Proposition 4,
22d−1 + 2d−1  1
4
(N − 1)(N − 4)
= 1
4
(
22d−1 − 2d−1)(22d−1 − 2d−1 − 3)
= 2d−3(2d − 1)(22d−1 − 2d−1 − 3)
so that
2d+3 > 2d+2 + 4 (2d − 1)(22d−1 − 2d−1 − 3)> 2d−1 · 22d−2 = 23d−3,
which is absurd.
The eleven “isolated” groups are easily eliminated since all their character degrees are known
explicitly, leaving only the possibility that H¯ ∼= AN−1. Then |K | = N and |Aut K | < 12 (N − 1)!. Pick
M 
 H minimal such that H = KM . Then M/K ∩M ∼= H/K ∼= AN−1; hence M ⊆ CH (K ) since |Aut K | <
1
2 (N − 1)!. Since AN−1 has a Schur multiplier of order 2, M = H and H/M ∼= K/K ∩ M; so H has a
nontrivial representation of degree less than
√
N , contrary to hypothesis.
Thus we may suppose that every “small degree” character arising in Case I or in Case II is primitive.
It remains only to show that they all arise from a single quasisimple quotient. We require a general
observation.
Proposition 10. Let X be a perfect ﬁnite group with X¯1 = X/K1 and X¯2 = X/K2 two quasisimple quotients.
Then either X/(K1 ∩ K2) is quasisimple, or else X/(K1 ∩ K2) ∼= X¯1 × X¯2 .
Proof. Without loss we may suppose that K1 ∩ K2 = 1. Let πi : X → X¯i be the natural projec-
tions. Since K1 
 X and X¯2 is quasisimple, either π2(K1) = X¯2 or π2(K1) ⊆ Z( X¯2); in either case,
since kerπ2|K1 = K1 ∩ K2 = 1, the restriction π2|K1 is a monomorphism. Similar statements hold
for π1(K2).
Suppose ﬁrst that π2(K1) ⊆ Z( X¯2). Then X has exactly one nonabelian composition factor which,
since X is perfect, occurs as a quotient X˜ = X/M . Now X˜ is a homomorphic image of both X¯1 and X¯2.
So [X,M] ⊆ K1 ∩ K2 = 1. Hence M ⊆ Z(X) and X is quasisimple.
By symmetry, we may assume now that π2(K1) = X¯2 and π1(K2) = X¯1. Since K1 ∩ K2 = 1, we
have a natural monomorphism from X into X¯1 × X¯2 while X ⊇ K1 × K2 ∼= X¯1 × X¯2 so that X ∼=
X¯1 × X¯2. 
2 We thank the referee for pointing out an error in handling the linear and 3-dimensional unitary groups here in the original
manuscript. The precise unipotent characters needed are described in greater detail in Section 3 (the relevant calculations are
valid here, but it is convenient for the purposes of exposition not to bring them forward).
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isfying (I) or (II), afforded by different quasisimple quotients H¯1 and H¯2 of H . If H had a quotient
isomorphic to H¯1 × H¯2, then χ1χ2 would be an irreducible character of H . But this is inconsistent
with the data obtained about the degrees of irreducible characters of H by Lemma 6. Thus by Propo-
sition 10 there is a single quasisimple quotient H˜ of H that affords all the relevant characters (though
not necessarily faithfully). 
Finally, we apply Lemma 2 in order to obtain a small reﬁnement of Proposition 5 that we will
need in the next section in the case that we are looking at a quotient of H that is a unitary group.
Corollary 11. Let G be a group that satisﬁes Hypothesis II and put H = G ′ . Let K denote the intersections of
the kernels of the characters of H described by either (I) or (II) of the conclusions of Proposition 5. Then K 
 G.
Let H˜ = H/K . If χ is a character of H˜ whose degree is unique amongst the character degrees of H˜ , then its
inﬂation to a character of H extends to a character of G. In particular, if χ(1) lies amongst the values
1

(N − 1)(N − 3), 1
2
(N − 1)(N − 4), 1
2
(N − 2)(N − 3),
then  = 1.
Proof. The characters of H covered by (I) or (II) are either G-stable or form a union of G-conjugacy
classes. So K 
 G . Now, letting χ also denote its inﬂation to H , kerχ ⊇ K . Hence K lies in the kernel
of any G-conjugate χ ′ of χ so that χ ′ may be viewed as a character of H˜ and thus χ ′ = χ since
χ ′(1) = χ(1). So, in this particular case,  = 1 by Lemma 2. 
3. The classical groups
For the remainder of this paper, we take H˜ as deﬁned in Corollary 11, namely as the quotient of
H by the intersection of the kernels of the characters which arise either in Case I or in Case II of
Proposition 5. Then H˜ is quasisimple.
In this section, we consider the case where H˜/Z(H˜) is a classical group. The minimal degrees
for the nontrivial complex irreducible projective representations have been determined by Tiep and
Zalesskii [14], but there is an issue to be addressed: H˜ may not be the universal cover of the sim-
ple group and therefore such minimal degrees may not appear as character degrees for H . However
unipotent representations are representations of the simple group and, except for the symplectic
groups, there is always one with degree close enough to minimality for us to make the following
general observation which is a simple consequence of the polynomial structure of the character de-
grees; if the smallest degree of a nontrivial complex unipotent representation is d, then the next
smallest degree D satisﬁes d1+ε < D < d2−ε for some suitable ε > 0 except, possibly, in some very
small cases. Together with the data of Proposition 5, this will systematically eliminate all the classical
groups. For convenience (but not as part of the proof), we will often indicate the order of magnitude
of a character degree as a power of q, the order of the underlying ﬁeld.
We carry out this elimination family by family, with some small rank groups requiring special
attention. First, however, we eliminate all groups with exceptional Schur multipliers.
Lemma 12. H˜/Z(H˜) is not a groupwith an exceptional Schurmultiplier (i.e., L2(9), L3(4), L4(2),U4(2),U4(3),
U6(2), 7(2), 7(3), Sp6(2) or 8(2)), nor L3(3), L4(3), U3(2), U3(3), U3(4) or U3(5).
Proof. All these groups can be eliminated since their character tables appear in the ATLAS. 
Now we consider the inﬁnite families.
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H˜/Z(H˜) ∼= Ln(q). We must treat n = 2,3 separately.
Suppose that n = 2. If q is odd, then SL2(q) has exactly two characters of each of the two degrees
q±1
2 , of which one pair is faithful and the other not (which way depends on whether q ≡ ±1 (mod 4)).
In either case, there are neither one nor four characters of H˜ of minimal degree. If q is even, q  4,
then SL2(q) is simple and there are characters of each degree q − 1,q,q + 1, contrary to Proposi-
tion 5.
Suppose that n  4 and, when n = 4, that q  4. Then SLn(q) has a unique nontrivial character of
minimal degree, and it is speciﬁcally the unipotent character χ(1,n−1) with
χ(1,n−1)(1) = q
n − q
q − 1 .
Since it is the unique character of that degree for the universal covering group of Ln(q), we are in
Case I and χ(1,n−1)(1) = N − 2. Next consider the unipotent character χ(2,n−2) for which
χ(2,n−2)(1) = (q
n − 1)(qn−1 − q2)
(q − 1)(q2 − 1) ∼ q
2n−4.
Then certainly χ(2,n−2)(1) > N − 1 while the inequality χ(2,n−2)(1)  14 (N − 1)(N − 4) leads to the
contradiction q 1.
Finally, suppose that n = 3 and q  5. Then we still have the unipotent character χ(1,2) having
minimal degree, but no character χ(2,n−2) . However, χ(1,1,1) is the Steinberg character of degree q3,
and a corresponding calculation to the above yields q 2, a contradiction.
3.2. Unitary groups
H˜/Z(H˜) ∼= Un(q). We may exclude the small groups already eliminated by Lemma 11. Then the
two smallest degrees of representations of SUn(q) are
qn + (−1)nq
q + 1 and
qn − (−1)n
q + 1
where the former is the unipotent character χ(1,n−1) which is the unique irreducible character of
SUn(q) of its degree. This again forces Case I, but with either χ(1,n−1)(1) = N − 2 or χ(1,n−1)(1) =
N − 1 according to whether n is odd or even. In either case, if n  4 we consider the unipotent
character χ(2,n−2) with
χ(2,n−2)(1) = (q
n − (−1)n)(qn−1 + (−1)nq2)
(q + 1)(q2 − 1) ∼ q
2n−4.
If n is odd, this is the unique irreducible character of its degree (see [14, p. 2109]); as a consequence
of Corollary 11, we need consider only the comparison χ(2,n−2)(1)  12 (N − 1)(N − 4) from which
there is an immediate contradiction similar to the Ln(q) situation. However, for n even Tiep and
Zalesskii do not establish uniqueness, and the comparison χ(2,n−2)(1)  14 (N − 1)(N − 4) leads only
to an inequality
q 1 + 4
2
+ 5
n−2 +
2
n−1 −
3
n
− 4
n+1 −
3
2n−2 −
3
2n−1q q q q q q q q
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Lemma 12. Finally, if n = 3, χ(1,1,1) is the Steinberg character of degree q3, and the corresponding
calculation to the above yields q 5, again excluded by Lemma 12.
3.3. Symplectic groups
H˜/Z(H˜) ∼= PSp2n(q). Here we take a different tack. For q odd, the group Sp2n(q) has four
Weil representations, two each of degrees (qn ± 1)/2 and a unique unipotent character of degree
(qn − 1)(qn − q)/2(q + 1), and these are the ﬁve characters of least degree [14, Theorem 5.2]. Since
one pair of the Weil characters are characters of the simple group PSp2n(q), such groups are immedi-
ately ruled out by Proposition 5.
We may therefore suppose that q is even, that n  4 when q = 2, and that H˜ is simple. By
[14, Theorem 5.5], there is a unique character χ of minimal degree with χ(1) = (qn − 1)(qn − q)/
2(q + 1), and every other nontrivial irreducible character has degree at least (q2n − 1)/2(q + 1). The
ﬁrst statement forces Case I with χ(1) = N − 2, while the second denies the existence of a character
of degree N − 1.
3.4. Orthogonal groups in odd dimension
H˜/Z(H˜) ∼= 2n+1(q) with n  3, but we may assume that n  4 if q = 3. Since 2n+1(2m) ∼=
Sp2n(2
m), we may suppose that q is odd. By [14, Proposition 5.1], H˜ has a unique unipotent char-
acter ϑ(u)n,q of minimal degree
ϑ
(u)
n,q (1) = (q
n − 1)(qn − q)
2(q − 1) .
Suppose ﬁrst that q = 3. Then, by [14, Theorem 6.1], ϑ(u)n,q is the unique nontrivial character of H˜
of minimal degree and there is no other projective character of degree less than (q2n − 1)/2(q + 1).
So, as for symplectic groups in even characteristic, ϑ(u)n,q (1) = N −2 but there is no character of degree
N − 1.
Now suppose that q  5. Then, again by [14], there is a unique nontrivial projective irreducible
character ϑ(s)n,q of degree less than ϑ
(u)
n,q (1) with
ϑ
(s)
n,q(1) = (q
2n − 1)
(q2 − 1) ∼ q
2n−2.
Since ϑ(u)n,q (1)−ϑ(s)n,q(1) = 1, this forces ϑ(s)n,q to be a faithful character of Spin2n+1(q) and H˜ ∼= 2n+1(q).
Also, we must be in Case I with ϑ(u)n,q (1) = N−2. Following [14, p. 2119], there is a unipotent character
χˆ with symbol
( 0 1 n−1
−
)
and
χˆ (1) = (q
2n − 1)(qn−1 − 1)(qn−1 − q2)
2(q4 − 1) ∼ q
4n−6.
Then it is easily veriﬁed that N − 1 < χˆ(1) < 14 (N − 1)(N − 4) so that the conclusion of Proposition 5
is not satisﬁed.
3.5. Orthogonal groups of − type in even dimension
H˜/Z(H˜) ∼= −2n(q) for n  4. By [14, Proposition 7.1 and Theorem 7.6], −2n(q) has a unique non-
trivial unipotent character χ of minimal degree with symbol
( 1 n−1 ) and degree−
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n + 1)(qn−1 − q)
q2 − 1 ∼ q
2n−3,
and this is also the unique nontrivial irreducible projective character of minimal degree. Thus we are
in Case I with χ(1) = N − 2. Now let χˆ be the unipotent character with symbol ( 2 n−2−
)
. Then
χˆ (1) = (q
n + 1)(q2n−2 − 1)(qn−2 − q2)
(q2 − 1)(q4 − 1) ∼ q
4n−10
and it is easily veriﬁed that N − 1 < χˆ(1) < 14 (N − 1)(N − 4), again a contradiction.
3.6. Orthogonal groups of + type in even dimension
H˜/Z(H˜) ∼= +2n(q) where n  4 and, if n = 4, by Lemma 12 we can assume that q  3. By [14,
Proposition 7.2], +2n(q) has a unique nontrivial unipotent character χ with symbol
( n−1
1
)
and degree
χ(1) = (q
n − 1)(qn−1 + q)
q2 − 1 ∼ q
2n−3.
Further, there is a unipotent character χˆ with symbol
( n−2
2
)
and degree
χˆ (1) = (q
n − 1)(q2n−2 − 1)(qn−2 + q2)
(q2 − 1)(q4 − 1) ∼ q
4n−10.
If q  5, then by [14, Theorem 7.6] χ is also the unique nontrivial irreducible projective character
of minimal degree and the same argument as for groups of − type can be applied.
However, if q  3, then χ is no longer the minimal nontrivial projective character. In these cases,
the minimal such degree is
(qn − 1)(qn−1 − 1)
q2 − 1 .
Thus, if the minimal nontrivial degree of a character of H˜ is d, we have
(qn − 1)(qn−1 − 1)
q2 − 1  d
(qn − 1)(qn−1 + q)
q2 − 1 ,
where d = (N − 2) in Case I and d = 12 (N − 1) in Case II.
First put
N ′ = 2(q
n − 1)(qn−1 + q)
q2 − 1 + 1.
Then N  N ′ and
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n − 1)(q2n−2 − 1)(qn−2 + q2)
(q2 − 1)(q4 − 1) −
2(qn − 1)(qn−1 + q)
q2 − 1 − 1
= (q
n − 1)
(q2 − 1) ·
((q2n−2 − 1)(qn−2 + q2) − 2(q4 − 1)(qn−1 + q))
(q4 − 1) − 1
 0
since n 4 if q = 3 and n 5 if q = 2. Now put
N ′′ = (q
n − 1)(qn−1 − 1)
q2 − 1 + 2.
Then N ′′  N and χˆ (1) 14 (N ′′ − 1)(N ′′ − 4) only if q = 2 and n  3. Thus we have N − 1 < χˆ(1) <
1
4 (N − 1)(N − 4) so that these cases cannot occur, thus completing the elimination of the classical
groups.
Remark. We have used the full strength of Tiep and Zalesskii’s results for convenience of exposi-
tion and as reference for character degrees of unipotent characters. However, the Landazuri–Seitz
bounds [10] will suﬃce; more analysis such as in the ﬁnal argument above would then be required,
and some further small cases might remain for individual consideration.
4. The remaining groups
Lübeck [12] has determined the minimal degrees for the nontrivial complex irreducible projective
representations of the simple groups of exceptional Lie type together with several of the next small-
est degrees. The full power of the Deligne–Lusztig theory is required, but use of these results will
enable us to eliminate all these groups easily without further calculation simply from the pattern of
those degrees. Crucially, suﬃcient of the characters that Lübeck studies are unipotent so that we are
guaranteed their presence in any relevant quasisimple group.
As with the classical groups, we ﬁrst eliminate groups having exceptional Schur multipliers. In all
other cases the simply connected group is the universal cover.
Lemma 13. H˜/Z(H˜) is not a group3 with an exceptional Schur multiplier (i.e., Sz(8), G2(3), G2(4), F4(2), or
2E6(2)).
Proof. For all these groups except 2E6(2), the ATLAS contains complete character tables for the full
covering groups, from which it can be seen that there is no quasisimple candidate for H˜ that has a
pattern of characters of smallest degrees consistent with the requirements of either Cases I or II of
Proposition 5.
The group 2E6(2) has Schur multiplier Z3 × Z2 × Z2, and all extensions of order 2 are isomorphic
since there is an outer automorphism of order 3. Thus we can see all irreducible representations
in 6.2E6(2). From [12], the smallest nontrivial degree of 1938 occurs uniquely as a character of the
simple group 2E6(2), the uniqueness forcing Case I. Since 1939 does not divide |2E6(2)|, this case is
excluded also. 
We will be able to eliminate all the remaining groups with the following observation. (Since
G2(2)′ ∼= U3(3), that case was eliminated in Section 3 so we do not need to consider it here. There is
one character of degree 6 and three of degree 7 so that it would otherwise appear as an additional
exception in (ii) below.)
3 We use group theorists’ notation for the Suzuki groups to avoid ambiguity over the deﬁning ﬁeld.
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of exceptional Lie type (other than G2(2)′) or an extension of an alternating or sporadic simple group. Let d
denote the smallest nontrivial character degree of X . Then one of the following holds:
(i) d occurs withmultiplicity four, X/Z(X) is either the third Janko group or the O’Nan group, and |Z(X)| = 3,
in which case there are no characters of degree 2d − 1, or
(ii) d occurs with multiplicity at most three and, if the multiplicity is one, there is then no character of degree
d + 1 unless X ∼= 2.A8 .
Proof. This data may be mined from the ATLAS in the case of sporadic groups and small alternating
groups, and for simply connected groups from the extensive tables in Lübeck’s paper [12]. The claim
for the alternating groups follows from Schur’s lower bound of 2(m−2)/2 for the minimal degree of a
representation of 2.Am if m 10 [13, §44]. 
We can now complete the proof of Theorem A. Given the results of Section 3 and Lemma 13, we
have only the candidates for H˜/Z(H˜) that arise in Proposition 14 to consider. The ﬁrst conclusion
results in Case II of Proposition 5, but then d = 12 (N − 1) and there is no character of degree N − 2,
while the second conclusion forces d = N − 2 and Case I, but then the requirement for a character of
degree N − 1 forces N = 7, contrary to the assumption of Hypothesis II that N  16.
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